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The effective potential originated by the nonplanar geometry of a two-dimensional electron gas �2DEG�
modifies its coherent transport properties. To date no direct evidence of such purely geometric potential has
been revealed. Here we expose its effects by computing the transmission characteristics of a semiconductor
cylindrical 2DEG forming a Y junction. For some cylinder radii, we find that the activation thresholds of the
transmission channels in the two drain leads are exchanged, with this effect being robust against the geometri-
cal details of the three-terminal junction.
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Low-dimensional semiconductor heterostructures have
long been a key system both for novel nanoelectronic de-
vices and for probing the quantum effects of carrier dynam-
ics. In particular, high-mobility two-dimensional �2D� elec-
tron gases �2DEGs� are being routinely fabricated in many
advanced laboratories;1 usually, they have a planar configu-
ration, with the carriers constrained in the lower quantum-
confined states in a given direction and free to move along
the two perpendicular directions. Recently, a number of non-
planar 2DEG structures have been proposed and fabricated
within semiconductor technology.2 For example, cylindrical
2DEGs �C2DEGs� have been obtained by rolling-up mis-
matched semiconductor layers3,4 or by employing self-
standing semiconductor nanowires as substrates for an epi-
taxial overgrowth of different semiconductor shells.5 This
latter technique appears to be more promising, given the ab-
sence of structural defects and the possible use of branched
nanowires.6,7 Epitaxial overgrowth of such wires may lead to
C2DEG Y junctions or more complex curved 2D structures.

Understanding charge transport in these structures is not
only of practical importance for their possible applications
but also of fundamental interest to shed light on a number of
general nontrivial quantum effects brought about by the
shape of the system itself. In fact, the equation of motion of
a two-dimensional system that is bent into the third spatial
dimension has many similarities to the dynamical law proper
of a non-Euclidean multidimensional space, as emerging in
general relativity.8

We follow the procedure described in Refs. 9 and 10 and
obtain the following Hamiltonian for a particle bound to a
curved surface �not including external fields11�:
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where the two subscripts i and j indicate the two coordinates
tangent to the surface and the matrix G is the metric tensor
of the surface, with G representing its determinant. The first
term of Eq. �1� is the usual Schrödinger kinetic operator for
curvilinear coordinates. The second term has the form of an
effective potential arising from the mean and Gaussian cur-
vatures, M and K, respectively. Its presence originates differ-

ent carrier states with respect to the ones obtained through a
standard 2D model. While this topic has a rather long
history,12–14 the question of the proper theoretical approach
and of the possibility to experimentally reveal the above
curvature-induced geometric potential �GP� is very topical
mainly due to the recent development of the nanostructures
mentioned above.

In this work, we show that the coherent transport charac-
teristics of a three-terminal device consisting of a Y junction
�Fig. 1� of three C2DEGs can expose the existence of the GP.
To this aim, we solve numerically the open-boundary quan-
tum dynamical equation for a carrier lying on the curved
surface and injected from one of the branches. For different
injection energies we compare the coherent transmission co-
efficients in two cases, namely, as obtained from �a� Eq. �1�,
which includes the GP, and �b� the same equation without the
second term, i.e., as derived from a 2D Lagrangian
approach,12 discretized on the Y-junction surface. In the fol-
lowing we indicate as “with GP” and “without GP” the two
cases �a� and �b�, respectively. To compute the scattering

θ

θ

RA

CA

B RC

RB

FIG. 1. �Color online� Y junction of the three cylinders con-
nected by a smooth surface. In the numerical simulations the fol-
lowing values have been taken for the radii: RA=15 nm, RB

=20 nm, and RC=30 nm. A and B cylinders form an angle �
=� /10 with C, and the effective mass for GaAs m=0.067me has
been used. The GP is represented in color code on the surface, with
values ranging from zero �darker color� to about −30 meV �lighter
color�.
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states, we adopt a real-space finite-difference approach and
include the leads through the quantum transmitting boundary
method.15

Before tackling the Y-junction system, we briefly investi-
gate a simpler yet illustrative case, namely, a single junction
of two C2DEGs with different radii, RA�RB. By specifically
solving Eq. �1� for a cylinder with radius R, we obtain the
following energies for the transverse modes n=0,1 ,2 , . . . of
the leads:16

En =
n2�2

2mR2 −
�2

8mR2 , �2�

with n=0 labeling the ground state. The first term of the
above equation represents the eigenenergies of a particle on a
one-dimensional �1D� ring, while the second term is the GP.
It is easy to see that on the cylinders the GP is always nega-
tive and constant, as in these regions the surface curvature
only depends on R. Thus, the presence of the GP does not
change the character of the transmission channels but acts
solely as a constant shift on their activation energies. Spe-
cifically, the smaller the radius, the more negative the GP. In
our model the two cylinders are connected by a smooth sur-
face of length L, as shown in the inset of Fig. 2 where the GP
is also represented in color code on the surface; darker color
means less negative GP. The dimensions used in the simula-
tions are indicated in the caption.

We consider an electron injected in the ground mode of
the smaller-radius cylinder A, with different values for the
longitudinal kinetic energy Ei. Figures 2�a� and 2�b� show
the transmission probability of the above structure with and
without the GP, respectively, as a function of Ei. The dotted
vertical lines indicate the transverse-mode energies of the

two leads A and B, as indicated by their labels, An and Bn,
respectively.

The most evident feature is the complete reflection occur-
ring at low injection energies when the GP is included. In
fact, as explained above, the different surface curvatures of
the two cylinders shift their transverse energies. In particular,
the ground mode of cylinder B acquires an energy almost 0.5
meV larger than the ground state of cylinder A. This is not
the case when the GP is not considered, as shown in Fig. 2�b�
where the ground channels of A and B are degenerate. Note
that such a degeneracy �lifted by the GP� is due to the peri-
odic boundary conditions of the transverse modes and only
holds for the n=0 ground states, as one can see from Eq. �2�.
This degeneracy is typical of systems in which the carriers
are confined on a cylindrical-like surface, as the energy of
the transverse ground state is independent of their dimension.

The low-energy suppression of the transmission described
above represents a manifestation of the GP and is at the base
of our results. However, a clear unambiguous experimental
evidence of such a behavior in a two-terminal system would
be quite difficult mainly due to the difficulty in ascribing a
specific value of the transmission threshold to a particular
effect. In fact, the presence of impurities in the sample, the
lack of a perfect control on the local electric field along the
device, or the unknown effect of the contacts could induce a
similar result. What is needed is a qualitative change in the
transport characteristics rather than a quantitative shift. In
the following, we show how a Y-junction system can reveal a
true signature of the GP.

The structure under consideration is depicted in Fig. 1. It
consists of a Y junction of three C2DEGs A, B, and C, con-
nected by a smooth surface. The cylinder radii are RA�RB
�RC, with the specific values reported in the figure caption.
Figure 1 also reports in color code the value of the GP on the
surface. It is easy to identify the three areas in which the GP
is particularly attractive, namely, the light regions close to
the saddle points, where the surface has opposite curvatures
along two perpendicular directions. This can be also deduced
by the expression for the GP given in Eq. �1�. Although the
coherent scattering of the injected carriers is governed by the
spatial modulation of the GP inside the Y junction, we found
that the qualitative behavior of the transmission is rather in-
sensitive to the geometrical details of the junction,16 as we
substantiate later.

We first consider a carrier injected in the ground channel
of C2DEG A and compute the transmission �and reflection�
coefficients in the different modes of the three branches. The
transmission probabilities in B and C as a function of the
injection energy are shown in Figs. 3�a� and 3�b�, with and
without the GP, respectively.17

In the former case �a� the GP generates a shift of the
transverse modes as in the two-terminal system described
above. In particular, the ground mode in B �B0� is activated
at about 0.3 meV, while that in C �C0� is activated just
before 0.5 meV. This is very different from the case �b� with
no GP, where the ground channels of both B and C are al-
ways open so that the carriers are never fully reflected. At
low injection energies, we point out another important dif-
ference between the two cases; the transmission in the larger
cylinder C is higher than in the smaller cylinder B when the

0 1 2 3
Ei (meV)

0

0.2

0.4

0.6

0.8

1

T

0.2

0.4

0.6

0.8

1

T

A0

A0 A1

B1B0 B2

B0 B1

(a)

(b)

FIG. 2. �Color online� Quantum transmission probability for a
single cylindrical junction �shown in the inset with the GP in color
code� with RA=15 nm, RB=30 nm, and L=50 nm. The carriers
are entering the device in the ground transverse mode of cylinder A,
with a kinetic energy Ei. The vertical dotted lines indicate the en-
ergies of the modes in A and B, as obtained from Eq. �2�. An �Bn�
is the nth transverse mode in the C2DEG A�B�. Panels �a� and �b�
represent the results of the simulations with and without the GP,
respectively.
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GP is not considered, while the opposite holds when the GP
is included, as can be seen from Figs. 3�a� and 3�b�. Indeed,
the above effect is rather surprising and only due to the GP
that lowers the n=0 transverse-mode energy in B with re-
spect to the same mode in C. As we increase further the
injection energy, we reach the first-excited transverse mode
in C, labeled as C1 in Fig. 3, which has a lower energy than
A1 and B1, due to the smaller radii of cylinders A and B. By
comparing the two panels of the above figure, it is clear that
the inclusion of the GP increases the energy of C1 of about
0.5 meV and, similarly, that of B1 of 0.3 meV. However, it is
important to stress here also that without the GP, the excited
modes in the three cylinders are not degenerate, contrary to
the n=0 modes. Besides the above energy shift of the modes,
another important difference between Figs. 3�a� and 3�b� is
evident when the C1 mode comes into play, opening a sec-
ond outgoing channel in C2DEG C. While in �b� the trans-
mission in C remains above that in B and almost reaches one,
in �a� the two transmission probabilities cross. After the
crossing, C remains to be the favored outgoing channel in
both cases �a� and �b�.

Figure 4 reports the transmission coefficient for the Y
junction described above when the electrons are injected
from branch B. Contrary to Fig. 3, the carrier is never totally
reflected. In fact, the GP in A is lower than in the entering
branch B; thus the channel A0 is always available. Apart
from this effect, the behavior of T is similar to the previous
case, with the crossing of the two coefficients only present
when the GP is accounted for. This confirms that the effect of
the GP just described is rather robust against the variation in
the C2DEG diameters, as far as the ones of the two outgoing
branches are significantly different. Also, it does not arise
from the details of the coherent scattering inside the Y junc-
tion �even though the Y shape of the system enhances the
effect�, rather it is related to the peculiar effect of the GP on
the transverse modes with periodic boundary conditions. In

order to verify this, a number of Y junctions with different
shapes but the same cylinder radii has been analyzed, leading
to very similar results �not reported here for the sake of brev-
ity�.

Now we show that the crossing of the two transmissions
induced by the GP should be detectable in a transport experi-
ment. We consider three leads connected to the C2DEGs,
which are made of the same material and with the bottom of
their conduction band equal to the lower transverse energy of
the cylinders plus their GP. This configuration corresponds to
three GaAs-based planar 2DEGs, acting as leads for the de-
vice. The two drain leads attached to cylinders B and C are
kept at the same potential �B=�C, while the potential of the
source lead, connected to A, is �A=�B+e�V, with the volt-
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FIG. 5. �Color online� Conductance, in units of 2e2

h , between
leads A and B �dashed line� and between leads A and C �solid line�
for the Y-junction system of Fig. 1. G is reported as a function of
the applied bias between A and the other two leads, always at the
same potential. Panels �a� and �b� show the results with and without
the GP, respectively, for a temperature of 0.3 K. Panels �c� and �d�
show the same at 4 K. The two coherent conductances cross only
when the GP is included in the simulations.
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FIG. 3. �Color online� Quantum transmission probabilities for
the Y junction of Fig. 1 as a function of the kinetic energy Ei �a�
with and �b� without the GP. The carriers are entering the device in
the ground transverse mode of branch A and are transmitted in B
�dashed line� or in C �solid line�. The vertical dotted lines indicate
the energies of the modes in A, B, and C, as explained in the main
text.
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FIG. 4. �Color online� Same as Fig. 3 but with the carriers
entering from cylinder B and transmitted in A �dashed line� or C
�solid line�. Again, panels �a� and �b� show the results with and
without the GP, respectively.
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age drop �V equally split between the two connections.18

Since the different behavior of the transmission coefficients,
with and without the GP, is prominent at low energies, we
need to take a low Fermi level in the leads in order to expose
the above differences. Specifically, we use a Fermi energy of
0.4 meV above the bottom of the conduction band of the
2DEGs. Charge effects inside the Y device are not consid-
ered due to the very low density of the carriers. In Fig. 5 we
report the A-B �dashed line� and A-C �solid line� conduc-
tances as a function of the applied voltage bias �V. The
results are obtained by using the Landauer-Büttiker approach
for a three-terminal device.18 Two different temperatures are
considered in the left and right graphs, namely, 300 mK and
4 K, respectively.

The plots show clearly that a crossing in the A-B and A-C
conductances represents a signature of the GP. In fact, when
the GP is not taken into account �lower plots in Fig. 5�, i.e.,
when a standard Schrödinger equation is adopted to compute
the current-carrying states, the current in the C lead is always
larger than that in the B lead, as expected due to the differ-

ence in their density of transverse states. On the other hand,
when the GP is included �upper plots in Fig. 5�, the crossing
between the transmission probabilities reported in Fig. 3
gives rise to a corresponding crossing between the conduc-
tances that, although less pronounced, should be detectable
experimentally.

In conclusion, we showed how the study of coherent elec-
tron dynamics in Y junctions of C2DEGs is able to reveal the
presence of the GP and to expose the soundness of one of the
theoretical approaches proposed to obtain the single-particle
Hamiltonian in curved space. The experimental test proposed
here could show that alternative theoretical derivations12 not
leading to a GP term are not suitable for the description of
the quantum carrier dynamics on curved 2D nanostructures.
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